Abstract. We introduce the notion of a quasi-triangular biFrobenius algeba and prove the S 2 -formula and S 4 -formula.
Introduction
The notion of a quasi-triangular Hopf algebra was introduced by Drinfel'd [Dr1] in 1986, playing a basic role in quantum group theory. He has further proved in [Dr2] that the square of the antipode S of a quasi-triangular Hopf algebra H is inner by the so-called Drinfel'd element u and that S 4 is inner by g ¼ uðSuÞ À1 which is group-like. He has also expressed g in terms of the modular element and the modular function when H is finite-dimensional, by using Radford's S 4 -fomula [R1] . This expression was also proved by Radford [R2] independently. See also [Mo] , Chapter 10. Doi and Takeuchi [DT] have recently introduced the notion of a biFrobenius algebra as natural generalization of a finite-dimensional Hopf algebra. Among other things, they have proved an analogue of Radford's S 4 -formula [DT] , Theorem 3.6. It seems quite interesting and meaning to extend the notion of a quasi-triangular Hopf algebra to this new notion. In this paper, we formulate and study quasi-triangular biFrobenius algebra and proved analogues of the S 2 -and S 4 -formulas.
Throughout this paper we work over a field k. For any algebra A, the twist map: H n H ! H n H ðh n g 7 ! g n hÞ is denoted by t. And the dual space A Ã ¼ HomðA; kÞ is a A-bimodule via
For any coalgebra C, we denote the comultiplication D : C ! C n C by c 7 ! P c 1 n c 2 . The dual space C Ã becomes an algebra under the convolution product
C is a C Ã -bimodule via
BiFrobenius Algebras
We recall some properties of biFrobenius algebras [DT] which are neccessary for our purposes.
Let A be a finite dimensional algebra and f A A Ã . The pair ðA; fÞ is called
The element f is called a Frobenius basis.
Since the bilinear form A Â A ! k, ðx; yÞ 7 ! hf; xyi is non-degenerate, there exists a unique element P a i n b i of A n A which is called the dual basis for f such that x ¼ P a i hf; b i yi for E x A A. For a Frobenius algebra ðA; fÞ, the Nakayama automorphism N is defined by hf; xyi ¼ hf; yNðxÞi for E x; y A A:
Given an augumentation e : A ! k for a Frobenius algebra ðA; fÞ, we put
which is called the space of right integrals in A. Taking t A A such that f ( t ¼ e, we have I r ðAÞ ¼ kt. Since xt is also a right integral for all x A A, there exists a A AlgðA; kÞ such that xt ¼ aðxÞt. We call a the right modular function for A. We dualize this idea. Let C be a finite dimensional coalgebra and t A C. The pair ðC; tÞ is called a Frobenius coalgebra if C ¼ t ( C Ã . For a Frobenius coalgebra ðC; tÞ, there exists a unique coalgebra automorphism c N such that
This automorphism is called the coNakayama automorphism. We consider a Frobenius coalgebra ðC; tÞ with group-like element 1 C . Then the dual algebra
There exists a grouplike element a such that
We call a the (right) modular element for C.
Let H be a finite dimensional algebra and coalgebra, t A H and f A H Ã .
Suppose we have: (BF1) The unit 1 H is a group-like element, (BF2) The counit e H is an algebra map, (BF3) ðH; fÞ is a Frobenius algebra, (BF4) ðH; tÞ is a Frobenius coalgebra. Define a map S : H ! H by the formula:
Definition 1.1. Let H be a finite dimensional algebra and coalgebra. Let t A H and f A H Ã . Define S : H ! H as above. The 4-tuple ðH; f; t; SÞ is called a biFrobenius algebra (or bF-algebra) if we have (BF1-4) and, (BF5) S is an anti-algebra map, (BF6) S is an anti-coalgebara map. S is called the antipode of the bF-algebra H. The map S is bijective, and we denote its composit inverse by S. Since e S ¼ e and Sð1Þ ¼ 1, it follows that f ( t ¼ e and t ( f ¼ 1. Hence t and f are right integrals. The dual basis for f is given by P Sðt 2 Þ n t 1 , and we have
ð½DT; 3:1 PropositionÞ ð1:2Þ P hf; x 1 yix 2 ¼ P hf; xy 1 iSðy 2 Þ; E x; y A H: ð½DT; 3:2 PropositionÞ ð1:3Þ
The Nakayama automorphism N has the following expression:
The modular function a is *-invertible with a À1 ¼ a S ¼ a S and a À1 : H ! H is an algebra map. The map H ! H, h 7 ! h ( a is an algebra automorphism ( [DT] , 3.3 Proposition). Dually, we have that the modular element a is invertible with a À1 ¼ SðaÞ ¼ SðaÞ (ibid.).
By [DT] , 3.4 Proposition, we have 
Since above formula holds for arbitrary x and y of H,
Dualizing this, we have P t 1 x n t 2 ¼ P t 1 n t 2 SðxÞ; E x A H:
Quasi-Triangular BiFrobenius Algebra
Let ðH; f; t; SÞ be a biFrobenius algebra. Let R A H n H be an invertible element.
Definition 2.1. The pair ðH; RÞ is called a quasi-triangular biFrobenius algebra if (QTB 0) R À1 ¼ ðS n idÞðRÞ ¼ ðid n SÞðRÞ,
where
with R ¼ P R ð1Þ n R ð2Þ and D OP ¼ t D.
From definitions it follows that
ðe n idÞðRÞ ¼ ðid n eÞðRÞ ¼ 1 and ðS n SÞðRÞ ¼ R: This element is called the Drinfel'd element. In quasi-triangular Hopf algebras u plays important roles. We show that u also plays the same role in quasi-triangular biFrobenius algebras. At first we show fundamental properties of u.
Proposition 2.4. Let ðH; RÞ be a quasitriangular biFrobenius algebra with 
